The spin-1 2 anisotropic Heisenberg antiferromagnet is studied at T = 0 on the triangular lattice via numerical diagonalization for system sizes up to N = 36 sites.
considered as conclusive evidence supporting any of these theories. The two-dimensional (2D) spin- 1 2 Heisenberg antiferromagnet (HAF) has generated much interest in recent years. The Hamiltonian of the model is H = X hiji S i S j ; (1.1) where the sum is over the nearest neighbor pairs, and S i are spin- 1 2 operators. The HAF on a square lattice 1] is believed to describe the undoped phase of the high T c superconductors 2], and is often used to describe the spin background of the doped phase, for example, in the t-J model. Through various approaches 1], it is now believed that the ground state of the square HAF has N eel ordering with staggered magnetization equal to about 60% of the classical value. It is well-known that doping introduces frustration to the spin background, and this raises the possibility of describing the e ect of doping by introducing frustration to the HAF. One such model is the frustrated HAF, in which one adds an antiferromagnetic coupling (J 2 ) to the next-nearest-neighbors on the square lattice. When the frustration is weak, the ground state still has N eel ordering. However, when the frustration is strong, the system decouples into two sublattices, each with N eel ordering. In the intermediate region, the system is believed to lose its N eel order. Various exotic states have been proposed, which include, among others, spin liquid 3], dimerized (spin-Peierls) 4], twisted 5], and chiral spin liquid 6, 7] states. With frustration, it is di cult to do numerical studies via quantum Monte Carlo because of problems associated with minus signs. Therefore, more reliable numerical results come from the exact diagonalization study of nite clusters 8, 9] .
In addition to adding next-nearest-neighbor coupling, one can add frustration to the HAF geometrically. One example is the Kagom e lattice. By far there is no concrete evidence that a spin liquid or other exotic state exists in the 2D HAF on any lattice, however, such states are most likely to be found in highly frustrated systems with large quantum uctuations (small spin S and low coordination number). The Kagom e HAF is attractive in this respect because it is highly frustrated, has a low coordination number, and a large number of classically degenerate states 10]. In fact, it has been suggested that the spin- 1 2 Kagom e HAF has a disordered ground state 11{13]. If so, then the Kagom e HAF is one example where geometrical frustration alone can create a disordered ground state, without next-nearest-neighbor interaction. The triangular lattice also introduces frustration to the HAF. However, besides having a larger coordination number, it is well-known that in the classical case the frustration can be partially released by arranging the spins at 120 to each other ( p 3 p 3 ordering) 14], thereby retaining a N eel-type spin order. As a result, it seems a less likely candidate for having a disordered ground state. In fact, spin-wave theory (SWT) 15] supports N eel ordering on the triangular lattice, but not on the Kagom e 11]. Nevertheless, quite some time ago Anderson 16] proposed the triangular HAF as a candidate for the resonating valence bond (RVB) state, which is a disordered spinliquid. RVB-type variational wavefunctions have been proposed 6] and numerical studies 17{19] also lend support to a disordered ground state. However, using a 120 N eel type wavefunction, Huse and Elser 20] found that their variational energy is lower than that of the RVB-type wavefunctions. But recent work 12, 13] again points toward a disordered ground state, in particular, Singh and Huse 12] suggest the triangular HAF may be at, or at least very close to, the critical point of losing magnetic order.
We ask the following question: is the frustration in the spin-1 2 triangular HAF large enough to destroy the magnetic order? If so, is the ground state a spin-liquid, or does it have some other form of long-range order (LRO)? In this paper, we study the triangular HAF using the exact diagonalization approach. Since rst-order SWT supports N eel type ordering, we also study the second-order SWT to see if the same conclusion holds, and to compare with our numerical results. As mentioned above, due to the frustration, it is extremely di cult to use numerical methods like quantum Monte Carlo to study the triangular HAF, whereas the exact diagonalization approach gives numerically exact results for small nite clusters. Since the results inevitably su er from nite-size e ects, we have to study as large a system as we can and use nite size extrapolation to infer the results in the thermodynamic limit. The largest system size we can diagonalize consists of N = 36 sites. Since it has been suggested 12] that the triangular HAF may be in some sense critical 21], we study a more general anisotropic Hamiltonian,
and attempt to observe any change of behavior as J z ! 1. J z = 0 corresponds to the triangular XY antiferromagnet (TXYAF), and J z = 1 is the triangular Heisenberg antiferromagnet (THAF). Our results are consistent with the scenario that the system has p 3 p 3 twisted magnetic LRO at J z = 0, which decreases rapidly as J z increases, and at J z = 1 the LRO vanishes. This same pattern holds for the long range helicity order parameter. For all 0 J z 1 there appears to be no chiral LRO. At J z = 1 (THAF) the spin-spin correlation function are consistent with power-law decay 1=r x with x = 1, which agrees with the statement that this system may be nearly critical 12, 22] . The results of energy gap calculations up to system size N = 27 are also consistent with the picture that the THAF is marginally losing its magnetic order. Summarizing, our results seem to imply that the THAF has a disordered ground state, and we did not nd other kinds of LRO. As a result, they are consistent with the picture that the ground state of the THAF is a spin liquid with no broken symmetry 6, 13, 16] (although we have not fully explored the possibility of long range dimer order). However, we must caution that due to small system size limitations, we cannot rule out the possibility of the THAF having weak magnetic order. Indeed, it is di cult to rule out even 20% of the classical N eel value. The nite size e ect is especially serious in the energy gap calculations, since we are not able to calculate the lowest lying energy gaps of the N = 36 system. This paper is organized as follows. In Sec. II, we discuss the exact diagonalization method as applied to the present system under study. We interpret rst the results for the spin-spin correlations in Sec. II A. Sec. II B contains our results for the twisted and sublattice magnetization long range orders, followed by an interpretation of them in terms of the spin-wave theory in Sec. II C. Further physical properties are discussed in the following sections: helicity long range order (Sec. II D), chiral long range order (Sec. II E), and energy gaps (Sec. II F); and, nally, Sec. III contains our conclusions.
II. NUMERICAL DIAGONALIZATION
We calculate the ground states of the TXYAF and THAF on triangular lattices of sizes N = 9, 12, 21, 27 and 36 using the Lanczos algorithm 23]. All lattices used are hexagonal in shape with periodic boundary conditions (shown in Fig. 1 ), and the nearest neighbor distance is 1. Where necessary, translational, C 6v , and spin re ection symmetries are used to reduce the number of basis states. More precisely, the C 6v operations we used are the three 2 3 rotations, and the re ections about the x and y axis, which together reduce the basis set roughly by a factor of 12. For even N, the ground state has S z total = 0, zero momentum and is symmetrical under all the C 6v operations (A 1 symmetry) and spin re ection. For odd N, the ground state has S z total = 1 2 (or ? 1
2 ) and momentum ( 4 3 ; 0), is degenerate with positive and negative parities with respect to y-re ection, and is symmetrical under all other C 6v operations. Using all the above symmetries, the N = 36 system has 10 524 036 states. The ground state energies are tabulated in Fig. 2 . The rst few excited states can also be found using the Lanczos algorithm 27] and will be discussed in Sec. II F.
In the following sections, we will study the nite size behavior of di erent order parameters. One di culty of estimating nite size corrections on the triangular antiferromagnet is that due to the limited system size and shape one can use, we have to use both even and odd N. We expect the even and odd results to extrapolate di erently, although they should extrapolate to the same value in the thermodynamic limit. As a result, the number of data points we can use is rather small. Although we can do up to N = 36, we only have three data points for odd N and two for even N. This problem is less serious for quantities which extrapolate to \large" nite values, as in the case of the ground state energy, but the problem is serious in those cases which extrapolate to very small values like some of the LRO parameters to be discussed in the following sections. For this reason, we do not attempt to t our data to complicated and several parameter functional forms as in Ref. 19] . Instead, we shall mostly concentrate on deciding whether the thermodynamic limit is most likely zero or nite.
A. Spin-spin correlation function A straight-forward way to study the spin order is to examine how the spin-spin correlation in the z-direction, C z (r) hS z 0 S z r i; (2.1) behaves with increasing distance r. Spin-spin correlations for the triangular antiferromagnets are tabulated in Tables II and III . Results to be discussed in the following sections suggest the THAF does not have any magnetic LRO, which would imply C z (r) decays to zero at large r. If the THAF is a critical phase 12], then it is expected to be in the same universality class as the 3D stacked triangular lattice of classical Heisenberg spins, where the criticality is thermally driven and has been studied by Kawamura 22] . For this D = 3 system, ' 0, therefore,
We take C z ( p 3) from N = 12 and C z (3) from N = 36, each correspond to one of the extreme distances in the respective system size. Assuming the form C z (r) 1=r x , we nd x = 0:96, which is indeed close to 1. Perhaps this is evidence that the THAF is close to criticality. We remark that if the same procedure is used to t to an exponential decay, C z (r) exp(?r= ), one nds a correlation length 2:2, which, although large for quantum spin systems, is not so large as to rule out this form. Larger system sizes could, of course, be used to distinguish between exponential and power-law behavior, but that probably will not be possible soon unless a quantum Monte Carlo scheme is developed to overcome the frustration minus sign problem for N 100 ? 200. For J z < 1, especially for small J z , our results for the xy plane staggered spinspin correlation function C xy (r) at large r are strongly suggestive that magnetic LRO exists. We de ne C xy (r) as C xy (r) n(0; r) hS x 0 S x r i; (2.3) where n(r 1 ; r 2 ) = where site 0 is taken to be in sublattice A, and A 0 means sublattice A excluding site 0. Nishimori and Nakanishi 19] (NN) calculated the twisted magnetization for the TXYAF and THAF for system sizes up to N = 27. They concluded that the twisted magnetization LRO decays by a power law for the TXYAF, and decays exponentially for the THAF, in other words, neither system has magnetic ordering as N ! 1.
However, they did remark that their system sizes were too small to draw de nite conclusions about the non-existence of LRO in the THAF. We calculate the twisted magnetization for J z = 0, 0.5, 0.75, 0.9 and 1. The results are plotted in Fig. 4 , where the abscissa was selected based on linear spinwave theory, in which case the quantity hN 2 I i=N 2 would fall on a straight line, for large N. For J z = 0 (TXYAF), it is obvious that the even and odd N results follow di erent curves. If we assume that both converge to the same value as N ! 1, it is clear that this value is nite, roughly 0.04 to 0.045. This implies that the TXYAF has magnetic LRO, and with a value consistent with a series expansion calculation 28]. Although we cannot say what the exact form of extrapolation should be, the nite value is in sharp contrast with NN 19] . We believe that it is dangerous to t to functional forms with a few parameters when the number of data points is limited. By taking into account the even N points (N = 12 and 36), we believe that the twisted magnetization has nite ordering. The above value corresponds to a twisted magnetization equal to 82% 3% of the classical 120 N eel state, and should be contrasted with the linear spin-wave theory prediction of 90% (see below). As J z increases, the extrapolated value decreases rapidly. Furthermore, the even and odd N results seem to collapse to a single curve as J z approaches 1. At J z = 1 (THAF), all the data points almost fall on a straight line. The even and odd N results may still have di erent curvatures for these small N, although they are both small. In analogy with the square lattice HAF, one can de ne the staggered magnetization m y for the THAF, which is also a relevant order parameter for the All of these quantities are, of course, directly related to the twisted magnetization: LRO in one implies LRO in the others. These quantities can be calculated easily from Tables II and III . We plot them in Fig. 5 Over the last several years, a large body of work 1, 25, 30{32] has revealed the somewhat surprising result that in two-dimensions (and higher) and for all spins the standard spin-wave theory 1, 33{35] is a remarkably accurate theory for the energy and LRO parameter of bipartite lattice Heisenberg antiferromagnets. This also holds for anisotropic ferromagnets 36] (including the non-bipartite triangular lattice 25]). For example, the spin- 1 2 , square lattice HAF second-order spin-wave predictions are within 0.15% and 1.3% of the \exact" results for the ground state energy and LRO parameter, respectively 37]. The agreement is even better for the spin- 1 2 XY ferromagnet. One might guess that the good quantitative agreement will result for non-bipartite lattices as well, however, we feel this is not the case and believe that frustration e ects (geometrical or otherwise) play an important role in spoiling the accuracy of the theory. We shall show this below for the case of the nearest-neighbor triangular antiferromagnets.
In spin-wave theory (SWT) one expands about the S = 1 (or classical) limit, which for the triangular lattice antiferromagnets is the 120 N eel state. We take the LRO to lie in the xy plane. Following Miyake 26, 38] we de ne a spatially varying coordinate system x 0 ; y 0 ; z 0 , with z 0 pointing along the local 120 N eel direction and y 0 pointing along the old z direction. x i ; y i ; z i will be the spin operator components along x 0 ; y 0 ; z 0 , respectively. Speci cally, where ij is the di erence in classical N eel angles between sites i and j: sin( ij ) = p 3=2 for nearest neighbors. Note that on bipartite lattices, sin( ij ) = 0, and so the third \current-like" term H 3 is absent: its presence above is entirely due to geometrical frustration. The term H 1 is the standard ferromagnetic one, although due to frustration its amplitude is reduced by j cos( ij )j = 1=2.
In the Holstein-Primakov (HP) transformation one expresses the spin operators in terms of site magnon deviation operators: Note that the three magnon \geometrical frustration" term H
3 does not contribute at rst-order. Since the coe cient of H (1) 3 is p S, one might rst guess that it provides an energy correction of order p S, however this is not so because the three magnon expectation value in the ground state of H SW1 vanishes (see the discussion below). We feel it has not been stressed enough in the literature that the rst-order spin-wave (SW1) predictions for triangular (and other frustrated) antiferromagnets is equivalent to the same treatment of a ferromagnet with no H 3 term. That is to say, it is equivalent to the rst-order spin-wave calculation applied to the of the SW1 (and second-order spin-wave theory) predictions, while the result for the TXYAF found in the present work (81%) appears distinct from the SW1 (90%) prediction. We feel the di erence increases as J z ! 1 since the frustration e ect increases. Evidence for the trend is displayed in Fig. 7 , where we plot the nitesize (N = 12; 36) extrapolations of the sublattice magnetization (Eq. (2.12)) for J z = 0:0; 0:5; 0:75, and 0:90 along with the spin-wave theory results. >From the gure, the discrepancy between the nite N extrapolated value and the SW1 result evidently increases with J z .
The second-order spin-wave (SW2) contributions (of order S 0 in the energy) arise from two sources: 1) the standard 35] second-order piece from H 0 de ned above, and, 2) the contribution from H (1) 3 . We will call these contributions E (2) (1+2) and E (2) 3 , respectively. We discuss the E (2) (3) contribution since it is somewhat unfamiliar 26]. The product of three magnon operators means the expectation value of H (1) 3 vanishes in the Boboliubov ground state: hSW1jH (1) 3 jSW1i = 0, so it must be treated in higher order perturbation theory. The second-order perturbation result is E (2) 3 = X fn k g jhfn k gjH (1) 3 jf0gij 2 E(f0g) ? E(fn k g) ; (2.25) where jfn k gi is an eigenstate of the quadratic (i.e. SW1) Hamiltonian with magnon occupation numbers denoted by fn k g. E(fn k g) is the corresponding energy and is given by P k (n k + 1=2) h! k . jf0gi denotes the ground state with no magnons present, and h! k is the SW1 magnon spectrum, given by h! k = 1 2 S (1 ? k )(1 + 2J z k )] 1=2 ; (2.26) where k = (1= ) P exp(ik )] when the applied magnetic eld h is zero. Note that since H (1) 3 is proportional to p S and that ! k is proportional to S, the contribution E (2) 3 is indeed of order S 0 . The primary contribution in Eq. (2.25) is from states with three magnons present and reduces to a double sum over the Brillioun zone.
The calculation of m y within SW2 for the THAF has only recently appeared in the literature 38]. There it was found that the SW2 correction actually slightly increases the value of m y from 48% to 50%. We have veri ed and applied Miyake's 38] formula to the case J z < 1. For the TXYAF we nd m y is reduced slightly from m y(1) = 0:4485 to m y(2) = 0:4367, and so makes up some, but evidently not all, of the diagonalization estimate m y = 0:405 0:02. We note in passing that the SW2 correction to m y is about 40 times smaller for the triangular spin 1/2 XY ferromagnet than for the TXYAF, and, hence, the H 3 contribution is the dominate one for the TXYAF. As seen in Fig. 7 , the deviation of the spin-wave results from the diagonalization predictions grows quickly with J z . (2.28) where the sum is over the upright triangles. NN 19] calculated the helicity (they called it \chirality") LRO for the TXYAF and THAF up to N = 27. They concluded that the helicity LRO decays by a power law for the TXYAF, and decays exponentially for the THAF, and so, once again, they predict no such LRO as N ! 1 for either system. Our helicity results are tabulated in Table IV and plotted in Fig. 8 . For the TXYAF, the even and odd N results seem to follow di erent curves with opposite curvature. If we assume that both extrapolate to the same value as N ! 1, they obviously extrapolate to a nite value, which is about 0.58. This again contradicts the results of NN 19] . For the THAF, the even and odd N results almost fall on the same curve, which seems to extrapolate to zero or a small number as N ! 1. Thus we believe that the TXYAF has helicity LRO, while the THAF does not.
E. Chirality
As discussed before, the nature of the ground state of the THAF has generated much controversy. Kalmeyer and Laughlin 6] have proposed a RVB state which breaks chiral symmetry as the ground state for the THAF. It is known that non-zero expectation values of the operator S 1 (S 2 S 3 ) implies chiral symmetry breaking 7]. Baskaran 42] has shown that chiral symmetry breaking should be enhanced by next-nearest-neighbor interaction. However, a numerical study by Imada 43] Consider a plaquette of four spins as shown in Fig. 9 The results are tabulated in Table V . The uniform chiral LRO parameter of both the TXYAF and THAF are plotted in Fig. 10 . Both appear to extrapolate to zero, in agreement with Ref. 43 ] where a di erent kind of extrapolation scheme is used. The staggered chiral LRO of the THAF are plotted in Fig. 11 . They are much smaller than the uniform one and seem to suggest zero as N ! 1.
F. Energy gaps for the THAF
Energy gaps can be important in studying long range order. For the THAF, we consider the magnetic order, where the appropriate energy gap is the spin-ip gap. Those excitations generated by spin-ip operations have higher S total than the ground state. If these excitations are gapless, i.e., the lowest energy state with higher S total is degenerate with the ground state in the thermodynamic limit, then magnetic LRO should exist. In the thermodynamic limit, the ground state is a singlet and the lowest spin-ip excitation is a triplet. Therefore, one should consider the singlet-singlet gap (the energy di erence between the ground state and the rst excited singlet state) and the singlet-triplet gap (the energy di erence between the ground state and the lowest triplet state). It is well-known that in the square HAF, both the singlet-singlet gap and the singlet-triplet gap go to zero in the thermodynamic limit, with, however, the singlet-triplet gap much smaller than the singlet-singlet gap, i.e., the lowest lying excitations are spin-ip excitations. Anderson 16] conjectured that in the THAF, the singlet-triplet gap is nite while the singlet-singlet gap is zero. However, numerical results of S ut} o and Fazekas 45] suggested that both singlet-triplet and singlet-singlet gaps vanish in the thermodynamic limit. Therefore, both singlet and triplet low lying excitations are present.
Since some of the small clusters we are dealing with have odd N, singlet and triplet states do not exist and we have to study the doublet-doublet and doubletquartet gaps in those cases. In Table VI we tabulate the rst few lowest energy states for the THAF up to N = 27. For N = 9, the ground state is a doublet. The rst excited doublet state is degenerate with the lowest quartet state. For both N = 12 and 21, the rst excited state is the spin-ip state, i.e., having a higher S total than the ground state. The rst excited state which has the same S total as the ground state is the third excited state. For N = 27, the spin-ip excitation is no longer the lowest excited state. There is a doublet state between the ground state and the lowest quartet state. This level crossing of the rst excited state with system size shows the complex nature of the excitation spectrum as compared to the unfrustrated square lattice HAF. In Fig. 12 we plot the doublet and quartet gaps for odd N. The former is the gap between the ground state (which is a doublet) and the rst excited doublet, and the latter is the gap between the ground state and the lowest quartet. We nd that the smallest excitation gap (the smaller of the doublet and quartet gap) appears to extrapolate linearly to zero, while the spin-ip excitation gap (quartet gap) seems to extrapolate to a small but nite value 46] . If this scenario is correct, namely, the spin-ip excitation has a gap, and the excitation with the same S total as the ground state is gapless, then the THAF does not possess magnetic LRO (which agrees with our interpretations in Sec. II B) and there may exist other kinds of LRO. But we have to caution that the above speculation depends heavily on the small N results, and may also be in uenced by the fact that odd N has been used. As always, it is dangerous to infer the large N behavior from a limited number of data points at small N. Spin gaps for N = 36 will be much more convincing. Unfortunately, we are not able to calculate the lowest lying spin-ip gaps for N = 36 at the present time. However, it does seem possible from our results that the spin-ip excitations are not the lowest excitation at large N.
The THAF is in sharp contrast with the simple nature of the excitation spectrum of the square HAF, where the spin-ip excitation is gapless and therefore magnetic LRO exists 1]. This simple picture can be complicated by adding frustration to the square HAF. From the nite cluster study of the frustrated square HAF 8], it is found that singlet states exist between the ground state and the lowest triplet state for a certain range of J 2 =J 1 , and the system does not possess antiferromagnetic LRO. Geometrical frustration in the THAF seems to produce the same e ect. The Kagom e HAF, which is another example of geometrical frustration, also has a similar picture. The lowest excitation of the Kagom e HAF has the same S total as the ground state 47]. We therefore believe that the geometrical frustration in the triangular lattice is enough to destroy the magnetic spin order. One di erence between the gap structures of the Kagom e and triangular HAF is that the rst excited state always have the same S total as the ground state in the Kagom e HAF, whereas this does not happen except for larger N in the THAF. This may suggest that the Kagom e HAF loses its magnetic LRO in a more drastic manner than the THAF, and may also bolster the idea that the THAF is marginally close to losing its magnetic LRO.
III. CONCLUSION
To summarize, we have calculated the ground states of the TXYAF and THAF with system sizes N = 9, 12, 21, 27 and 36 by exact diagonalization. 48] We study those possible long range orders which are most often associated with the triangular antiferromagnets, namely, magnetic order, helicity and chirality. The kind of magnetic order we look for is a N eel type ordering with p 3 p 3 unit cells 14]. Using nitesize extrapolations, we infer the existence or non-existence of these orderings in the thermodynamic limit. Due to the small number of system sizes we have and the fact that even and odd N results often lie on di erent curves, precise extrapolation is not feasible and we are not always able to extract accurate estimates for these quantities in the thermodynamic limit. Finally, we study the spin gaps for magnetic order.
For the TXYAF, our results strongly suggest the existence of magnetic and helicity LRO, but not chiral LRO. Thus we have shown that quantum uctuations in the ground state of the spin- 1 2 system are not su cient to destroy the magnetic and helicity LRO, which also exist in the classical ground state. This is contrary to NN 19] who studied the same quantities with the same approach, but included system sizes up to N = 27 only. By tting their data to di erent functional forms, they concluded that both the twisted magnetization and the helicity LRO decayed to zero via power laws. By adding the N = 36 results, we believe that we can rule out their power law ts in both cases. However, in a later publication 19], they did remark that their system sizes are too small to draw de nite conclusions. The LRO that exists for the TXYAF should persist for a non-zero range of J z about zero.
For the THAF, although we cannot de nitely rule out the existence of magnetic LRO, our results do suggest that it does not exist. Of the four di erent estimates for the staggered magnetization de ned in Eq. (2.11a){(2.11d), m 2 3 has the most obvious, and perhaps most reliable trend for extrapolation. Extrapolation of m 2 3 suggests that even if the staggered magnetization in the thermodynamic limit is not zero, it should be a good deal smaller than the linear SWT result of 48% of the classical value. This is in agreement with the series expansion calculations of Singh and Huse 12] . Similarly, the helicity and chirality LRO are inferred not to exist. Spin gap calculations show that spin-ip excitations are not the lowest lying excitations for large N. Although this supports the picture that the THAF does not possess magnetic LRO, it is somewhat ambiguous because this is the case for N = 27 only and we are not able to do the same for N = 36. It will be much more convincing if one can show that the lowest lying excitations for N = 36 are not spin-ip excitations. By studying 0 < J z < 1, we found that the extrapolated twisted magnetization decreases rapidly with increasing J z . Spin-spin correlations are consistent with the speculation that the THAF may be in the critical phase of losing its spin order, which was suggested from the series expansion work 12]. Overall, our results seem to support the speculation that the THAF is a spin-liquid with no broken symmetry, which is consistent with the original RVB conjecture 16] and large-N expansion (for \su ciently small" spin) 13]. A recent experiment 49] also seems to imply that the THAF has no magnetic order at low temperature. Although we must admit that our results cannot be taken as conclusive evidence for the above mentioned picture, we believe that they are enough to cast doubt on the belief that the spin- 1 2 THAF possesses N eel type ordering. If one does assume this conclusion, it immediately poses the intriguing questions, namely, 1) Is the spin- 1 2 THAF a spin-liquid, and, if not, what is the form of the LRO?, and 2) What is the critical value of the spin S c (> 1=2) at which the N eel order is regained for the THAF?
Finally, we remark that the 36 site system is the biggest we can handle at present, yet it still seems too small for performing nite-size extrapolation, especially when the quantity we are studying may be zero in the thermodynamic limit. This comes as no surprise: if the THAF is really in the critical phase of losing its spin order 12], then one should expect very serious nite-size e ects. By looking at the scaling plots, one will be convinced that even N = 48 results cannot add much information. The properties of that system are, however, much more di cult to obtain by diagonalization than the N = 36 results and we do not expect it to be possible in the near future. Therefore, we feel that a quantum Monte Carlo approach that can deal with the negative sign problem is needed to draw more de nite conclusion to the present problem. 
